The effect of nucleon dressing by pions, on the binding energy of three nucleons interacting via two-body forces, is calculated for the first time within a conventional nuclear physics approach. It is found that the dressing increases the binding energy of the triton by an amount approximately in the range from 0.3 MeV to 0.9 MeV, depending on the model used for dressing. This suggests that nucleon dressing may help explain the underestimation of the triton binding energy in previous calculations using only two-nucleon forces.
Introduction.-It has long been established that nonrelativistic descriptions of the three-nucleon (3N) system underestimate the triton binding energy by an amount ranging approximately from 0.5 to 1.0 MeV, when the only interactions included are accurately constructed two-nucleon forces (2NFs) [1, 2] . Much effort has gone into trying to determine the origin of this discrepancy in terms of relativistic corrections [3] [4] [5] [6] [7] [8] , and in terms of missing three-nucleon forces (3NFs) [9] [10] [11] [12] [13] [14] [15] . By contrast, in this work, we use a non-relativistic model of 3Ns with all 3NFs neglected, and explore the extent to which this discrepancy can be explained by the inclusion of explicit nucleon dressing by pions (π's), a mechanism that has been missing from most previous models of the triton. We note, however, that the definition of a pairwise interaction approximation, and consequently of a 3NF, depends on the formalism used [11, 16] . In this paper we use time-ordered perturbation theory (TOPT) where a 3NF is defined as a connected 3N → 3N process that is 3N irreducible, and, as will be shown, where the major part of the dressing is contained in the 3N propagator. However, in the modern context of effective field theory (EFT) where a unitary transformation (UT) is used to obtain energy-independent potentials [17] , the formalism uses bare 2N and 3N propagators, with all intermediatestate nucleon dressings contributing to 2NFs and 3NFs [18] . At some order of accuracy, the pairwise-interaction approximation is not satisfactory in the UT approach. Although the UT method is the one most frequently used in EFT, one could try TOPT within the same field theoretic approach, in which case part of the dressing would be contained in the 3N propagator. It is just the effect of this part of the dressing that is estimated in this paper; however, to simplify the calculation, we use a conventional approach where 2NF potentials are modelled phenomenologically. It is shown that dressing can largely account for the missing binding energy in calculations of the triton using pairwise interactions only.
3N bound state equations for dressed nucleons.-We consider a non-relativistic TOPT of baryons and mesons described by a Hamiltonian H. The exact form of H need not be specified as all that's needed for our derivation is the general property that for total energy E, Green functions, defined as matrix elements of operator (E + −H) −1 between free-particle states, can be expanded into a perturbation series whose terms are represented by diagrams. To this end, we define Green function operatorsĝ(E),D(E), andĜ(E), acting in the space of 1, 2, and 3 nucleons, respectively. In this approach the 3N bound state vector |Ψ satisfies the bound state equation
where E b is the bound state energy,Ĝ 0 (E) is the fully disconnected part ofĜ(E) andV is the 3N potential operator consisting of the sum of all 3N -irreducible graphs, excluding those consisting of fully disconnected 3N states [19] . In this work, all 3NFs (as previously defined) are neglected. Therefore the 3N potentialV consists of all disconnected 3N → 3N diagrams, excluding those consisting of fully disconnected 3N states, which belong to one of three classes of disconnectedness, δ α (α = 1, 2, or 3), characterized by an appropriate momentum-conserving δ function. Introducing the convention that (αβγ) is a cyclic permutation of (123), we thus havê
whereV α consists of all contributions where nucleons β and γ are interacting while nucleon α is a spectator.
There are a number of hurdles that stand in the way of solving the bound state equation, Eq. (1), for the pairwise potential of Eq. (2). First is the fact that this equation is not compact, a difficulty shared with the quantum mechanical (no nucleon dressing) version of the problem. However, in the context of TOPT, there are two further difficulties: (i) the fully dressed fully disconnected 3N Green function operatorĜ 0 (E), as far as we know, has never been previously calculated, and (ii) there is no practical way to relate the disconnected 3N potentialV α to the basic input 2N potentialv α . Of these three difficulties, two have known solutions. Firstly, in Ref. [20] , it was shown how disconnected Green function operators of TOPT can be expressed in terms of convolution integrals such that all relative time-orderings between the corresponding disconnected graphs are taken into account. In particular, it was shown that
whereD 0 (E) is the fully disconnected part of the 2N Green function operatorD(E). It should be noted that in momentum space representation, operatorsĝ(E),D 0 (E), andĜ 0 (E) become (after removal of momentum conserving delta functions and use of Galilean invariance), the dressed nucleon propagator g(E), the dressed 2N propagator D 0 (E) and the dressed 3N propagator G 0 (E), respectively; moreover, to express Eqs. (3) in momentum space, one need only remove the "hats" from all the operators, thus giving practical equations expressing G 0 (E) in terms of g(E). In Fig. 1 we illustrate the fact that D 0 (E) and G 0 (E) are defined to have all possible nucleon dressing contributions included. To overcome the difficulty of a non-compact kernel, we proceed in the way prescribed by Faddeev [21] and introduce wave function
In this way we obtain the bound state equation for the component states
whereŵ α (E) is an operator that satisfies the equation
In Eq. (4), antisymmetry has been implemented by assuming that |Ψ α andŵ α are constructed such that (βγ)|Ψ α = −|Ψ α andŵ α (E)(βγ) = −ŵ α (E), where (βγ) denotes a permutation operator that interchanges the β and γ labels [22] .
AlthoughV α cannot be expressed in terms of 2N input potentials, remarkably, the operatorŵ α can. The essential point is that Eq. (5) implies thatŵ α (E) is the exact 3N t matrix of disconnectedness α, and therefore that its Green function version,Ĝ 0 (E)ŵ α (E)Ĝ 0 (E), consists of all possible diagrams of disconnectedness α. It is this completeness that allows us to express operatorŵ α (E), which acts in 3N space, in terms of the 2N t matrix operatort α (E), which acts in the space of nucleons β and γ, through the convolution expression [23] 
whereD 0 is understood to act in βγ space. In Fig. 2 we give a graphical representation of w α (momentum representation ofŵ α ). The t matrixt α (E) is easily related to the input 2N potentialv α through a Lippmann-Schwinger equation. To facilitate the calculation of the convolution integrals in Eqs. (3) and Eq. (6) in momentum space, we use the fact that our model dressed nucleon propagator g(E) is endowed with a simple pole at the physical nucleon mass m, and a pion-nucleon (πN ) unitarity cut starting at E = m + m π where m π is the pion mass. This analytic structure implies that g(E) satisfies the dispersion relation
where Z is the nucleon wave function renormalisation constant. Equation (7) can be used to carry out the convolution intergrals in the way described in Ref. [20] . In this way, we have solved the theoretical problem of formulating bound state equations for the triton where all 3NF have been neglected but where all nucleons are otherwise fully dressed. On this last point, it is important to note that some of the nucleon dressing contributes to 3NFs, as illustrated in Fig. 3 . To solve Eq. (4) numerically, we perform a partial wave decomposition using the J-J coupling scheme where the 3-body partial wave basis states are defined as
where σ α (τ α ) is the spin (isospin) of nucleon α; l α , s α , j α , t α are the relative orbital angular momentum (a.m.), total spin, total a.m. and isospin of the 7), gives w jαtα lαsα,l α s α , the partial wave 3N t matrix of disconnectedness α, in terms of an integral over variable ω. For c.m. energies less than 3m + m π , this integral encounters no singularities and can be approximated directly using Gaussian quadratures. One thus obtains, to any desired degree of accuracy, that
where W 0 = Z, ω 0 = m α (formally the mass of nucleon α), and W n = − 1 π w n Img(ω n ) where {(w n , ω n ) : n = 1, . . . , N }, is the set of N Gaussian quadrature weights (w n ) and points (ω n ). The other variables appearing in Eq. (9) are p α (p α ), the final (initial) relative momentum of nucleons β and γ, q α , the magnitude of the momentum of nucleon α, E α = q 2 α /2m α , the kinetic energy of nucleon α, m βγ = m β + m γ , and E αβγ (E αβγ ), the total kinetic energy of the three nucleons in the final (initial) state. To simplify the solution of the 3N equations we make use of separable 2N potentials, noting that the structure of Eq. (9) is instrumental in preserving the separable form also for w jαtα lαsα,l α s α . For a rank-M separable approximation, we write the partial wave 2N t matrix as
where
The resulting separable form for w jαtα lαsα,l α s α can be used in the bound state equation, Eq. (4), in an analogous way to that described in Ref. [24] for the 3N problem without dressing. In this way we are led to write
where J, M J (T , M T ) are the spin (isospin) quantum numbers of the bound state, and where ∼ χ NαJT lαsαn (q α ) is the spectator wave function satisfying the integral equation
where x =q α ·q α , P L (x) is the Legendre polynomial of order L, and A L,a,b α,β is a numerical coefficient as specified in Ref. [24] . After nucleon wave function renormalisation, and discretisation, Eq. (12) becomes a matrix equation of the form
The binding energy −E b is then determined from the condition det( ∼ I − ∼ K(E b )) = 0. Nucleon dressing.-To describe nucleon dressing, we use a formulation of pion-nucleon scattering that classifies diagrams of TOPT according to their multi-pion irreducibility [25] . In this scheme, the πN t matrix operatort πN is expressed aŝ
wheref (E) (f (E)) is the N → πN (πN → N ) dressed vertex operator,ĝ(E) is the dressed nucleon operator that is to be used as input to the 3N binding energy calculation, andt b πN (E) is the N -irreducible "background" part of the πN t matrix. The input to these equations consists of the "background" potentialv πN and the "bare" πN N vertexf 0 . Following Ref. [26] , we choose energy-independent separable forms for the potentialv πN in the P 11 partial wave: v πN (k , k) ≡ −h(k )h(k) with the form factors expressed as
where (k) = k 2 + m 2 π . We likewise specify the πN propagator as G πN (E, k) = (E + − k 2 /2m − m − (k)) −1 and the bare nucleon propagator as g 0 (E) = (E + −m 0 ) −1 where m 0 is the bare nucleon mass. To obtain a variety 
Curve labels refer to the models of nucleon dressing as specified in Table 1 .
of models of nucleon dressing, we have carried out fits to the KH80 P 11 πN phase shifts [27] (for pion laboratory energies up to 350 MeV) for a number of choices of the integers n 0 -n 3 , and for a range of cutoff values for the bare πN N vertex function f 0 (k). Each such fit was constrained to reproduce the πN N coupling constant f 2 πN N = 0.079 in the way described in Ref. [26] . Results of three such fits are given in Table I. A first indication of the significance of nucleon dressing may be obtained by comparing the renormalised fully dressed 3N propagator G R 0 (E) ≡ G 0 (E)/Z 3 with the "undressed" propagator (E + −3m) −1 . Using Eqs. (3), we have calculated G R 0 (E) for each of the models of dressing listed in Table 1 , and plotted the resulting product Fig. 4 . For energies E < 3m ≈ 2.82 GeV, of relevance to the 3N bound state case, a measure of the effect of dressing is provided by the extent to which the real part of G R 0 (E)(E − 3m) differs from 1. For energies E > 3m + m π ≈ 2.95 GeV, an additional measure is provided by the size of the imaginary part of G R 0 (E)(E − 3m). It is evident that nucleon dressing can affect the 3N propagator substantially across the whole energy spectrum, and that the size of the dressing effect is largely determined by the cutoff used for the bare πN N vertex, i.e., by the value of λ.
Results.-For numerical calculations of triton binding energies using Eq. (12), we limit the number of 3N partial wave channels to 5, one 1 S 0 and two coupled 3 S 1 -3 D 1 channels [28] . For the input 2N potentials we Table I ). Columns 2-5 specify the input N N potentials in 1 S0/( 3 S1-3 D1) channels, as described in the text. use combinations of the so-called "PEST" separable approximations to the Paris potential [29] , and "BEST" separable approximations to the Bonn [30] potential. In particular, we use four 1 S 0 /( 3 S 1 -3 D 1 ) combinations, denoted by P1/P1, P3/P4, B1/B1, and B3/B4, where, for example, P3/P4 denotes that the PEST3 potential is used in the 1 S 0 channel and PEST4 in the 3 S 1 -3 D 1 channels. Table II shows the resulting triton binding energy shifts, together with the binding energy when dressing is neglected. It is evident that for all models used, nucleon dressing results in an increase in the binding energy of the triton. Moreover, as might be expected, the nucleon dressing models that have the largest effect on the 3N propagator, as displayed in Fig. 4 , also give the largest binding energy shifts. We are thus led to the conclusion that the triton binding energy shift due to the inclusion of nucleon dressing, is largely determined by the cutoff chosen for the bare πN N vertex function used for dressing. For example, if the correct value of the cutoff λ is 800 MeV, as suggested by QCD sum rules [31] , then our calculations indicate that nucleon dressing will shift the undressed triton binding energy by an amount approximately in the range 0.5 to 0.7 MeV. However, if one takes into account the wide range of models in the literature, most of which propose cutoffs in the range 500 < λ < 2200 MeV [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , the corresponding triton binding energy shifts would lie approximately in the range 0.3 to 0.9 MeV.
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